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ABSTRACT
AGGREGATION EFFECTS ON PRICE AND EXPENDITURE ELASTICITIES
IN A QUADRATIC ALMOST IDEAL DEMAND SYSTEM
Frank T. Denton and Dean C. Mountain
McMaster University
While it is well known that demand elasticities calculated at the macro level will in general differ
from those calculated at the micro level because of aggregation effects there remain the questions
of how large the effects are, and how they vary with the degree of nonuniformity in the income
distribution.  We explore those questions with models based on a quadratic version of the Almost
Ideal Demand System.  We investigate the elasticity differences theoretically and then calibrate
the models and generate numerical results, using income data for seven countries with widely
different distributions.  The aggregation effects are found generally to be rather small, even with
highly nonuniform income distributions.1
AGGREGATION EFFECTS ON PRICE AND EXPENDITURE ELASTICITIES
IN A QUADRATIC ALMOST IDEAL DEMAND SYSTEM
Frank T. Denton and Dean C. Mountain
McMaster University
1.  INTRODUCTION
It is well known that utility-based consumer demand equations derived at the micro level
do not hold at the macro level, except under highly restrictive assumptions (Stoker 1984, 1986,
1993, for example).  In particular, price and expenditure elasticities are subject to "aggregation
bias."  That is to say, elasticities calculated at mean income, using macro data, are in general
different from mean elasticities calculated using micro data.  But given that such differences
exist, which they obviously do, that leaves open the question of how large they are, and that
depends on how income is distributed across consumer units.  We explore that question in this
paper.  To do so our approach is to define a theoretical micro model of consumer expenditure and
a corresponding macro model incorporating income distribution parameters, and derive the
theoretical differences between elasticities at the two levels.  We then calibrate the models by
assigning realistic values to their parameters and examine the resulting numerical elasticity
differences.  In calibrating the macro model we choose parameter values based on actual income
distributions for selected countries, thus allowing an exploration of how different degrees of
income disparity affect the elasticity differences.
The type of micro model that we use is a quadratic form of the Deaton and Muellbauer2
(1980) Almost Ideal Demand System (the AIDS model).  In its original form, the AIDS model is
linear in the log of real income, but it can be extended to include polynomial terms of higher
order.
1  In a wide-ranging analysis of U.K. consumer expenditure data, Blundell, Pashardes, and
Weber (1993) demonstrated the benefits of using a model with a quadratic real income term
added -- a QUAIDS model.  (They experimented also with a model that included a cubic term but
reported no significant additional benefit.)  The QUAIDS model has been used to advantage too
by Banks, Blundell, and Lewbel (1997) in a further analysis of U.K. data, and by Denton,
Mountain, and Spencer (1999) in an analysis of Canadian expenditure time series.
We employ two micro models, both with QUAIDS structure.  In model 1 all households
have the same set of parameter values.  In model 2 households are divided into two groups, each
with a different set of parameter values and a different income distribution.  Model 2 allows us to
explore the effects of parameter heterogeneity on the macro/micro elasticity differences induced
by aggregation.
2.  MODEL 1:  ALL HOUSEHOLDS HAVE THE SAME PARAMETER VALUES
There are K households in model 1, indexed by k, and I goods, indexed by i (or by j, if a
supplementary index is required).  All households have the same utility function and face the
same price vector   .  Household k's expenditure on good  i  is    and its P ' [p1 p2 ... pI]x ik
total  expenditure is  ; thus its budget share for good  i  is   .   The QUAIDS micro xk wik ' xik/xk
expenditure model is defined as follows:
(1) wik ' αi % j
I
j'1
γijlnpj % βiln(xk/q) % λi(ln(xk/q))2 Q( i ' 1,...,I)














Denote aggregate expenditure on good    by  , overall aggregate expenditure by iX i
, mean overall expenditure by   , and the aggregate expenditure share of good X ' Σxk ¯ x ' X/K
 by  .  The share equation at the micro level can be rewritten as iW i ' Xi /X
(4) wik ' αi % j
I
j'1
γijlnpj % βi (ln(xk/¯ x) % ln(¯ x/q)) % λi(ln(xk/¯ x) % ln(¯ x/q))2 ' Q
and for a household with average income   this becomes (x ' ¯ x)
(5) wik ' αi % j
I
j'1
γijlnpj % βiln(¯ x/q) % λi(ln(¯ x/q))2 Q
The corresponding share equation at the macro level can be obtained by multiplying equation (4)
on both sides by   and summing over k: xk'X





γijlnpj % βiln(¯ x/q) % λi(ln(¯ x/q))2 Q
where α
(
i ' αi % βig % λih/Q % 2λigln(¯ x/q) Q
g ' Σ(xk/X)ln(xk/¯ x)
h ' Σ(xk/X)(ln(xk/¯ x))2
The important distinction for our purposes is between equation (5) and equation (6). 
Someone possessing data for individual households can calculate g and h, and hence estimate
either (5) or (6).
2  Someone possessing only aggregate data and unable to calculate g and h can
estimate only (6) and the elasticities associated with it.  An aggregation problem arises when the
equation (6) elasticities are interpreted as if they were equation (5) elasticities.
3.  NORMALIZATIONS
We introduce some normalizing restrictions.  It is an obvious but (for our purposes)
important property that elasticities are invariant to the choice of measurement units.  With that in
mind, and the aim of simplifying the argument, we choose units so that    and   ¯ x ' 1p i ' 1, œi ,4
and hence   .  At mean income and the given prices that allows us to rewrite  q ' Q ' 1
equation (5) as 
(7) wi ' αi
and equation (6) as 
(8) Wi ' αi % βig % λih
with g and h now given by   and   g ' j
K
k'1




The aggregation effects of the income (strictly speaking, expenditure) distribution are dependent 
on    and  , which vanish only if the distribution is uniform.  The terms   and    could gh β i gλ ih
reinforce or offset each other, depending on their signs.
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4.  MICRO AND MACRO ELASTICITIES
The elasticities derived from the QUAIDS model vary with income and prices.  However,
for brevity and convenience we adopt in this paper the following definitions: by micro elasticities
we shall mean elasticities evaluated at average income using data for individual households; by
macro elasticities we shall mean elasticities evaluated at average income using aggregated data. 
Such elasticities have often been interpreted in the literature as applying to a "representative
consumer."
Expenditure elasticities:  Let    denote the micro expenditure elasticity for good    and let  εi i, ¯ εi
denote the corresponding macro elasticity.  For the normalized model the two elasticities can be
expressed as
(9) εi ' 1 % βi /wi ' 1 % βi /αi
(10) ¯ εi ' 1 % βi /W i ' 1 % βi /(αi%θi )
where   .  The difference between the expenditure elasticities can then be written θi ' βig % λih5
as
(11) bi ' ¯ εi & εi ' βi 1/(αi%θi)&1/αi
Price elasticities:  
Let   and    denote the micro and macro compensated price elasticities, respectively, for ηij ¯ ηij
good  i  with respect to the price of good  j.  Those elasticities can be written as
(12) ηij '& δij % γij αi % αj
(13) ¯ ηij '& δij % γij (αi % θi) % αj%θj
where    for    and zero otherwise.  The difference between the elasticities is  δij ' 1i 'j
(14) dij ' ¯ ηij & ηij ' γij 1/(αi%θi)&1/αi % θj
5.  CALIBRATION OF MODEL 1:  MICRO PARAMETERS
We calibrate Model 1 by assigning "realistic" values to the micro expenditure and income
distribution parameters.  Values for the micro parameters are based on econometric estimates in
Blundell, Pashardes, and Weber (1993).  Under our normalization restrictions  , and we αi ' wi
take    values (in rounded form) from Table A1 of that paper for the six expenditure categories wi
that the authors identify for estimation.  (The seventh category was dropped by the authors
because of the singularity of the expenditure system.)  Values for the six expenditure and 36
price elasticities,    and   , are based on the generalized method of moments estimates in εi ηij
Tables 3A and 3B.  Given the    and    values, the    values can then be calculated.  Values αi εi βi
for the    parameters compatible with the other parameter values are based on estimates λi
reported in Table 1A.  (Values for the    values can be derived from the other parameter values, γij
but are not required.)
The values that we assign to the micro parameters of model 1 are provided in our Appendix6
Table A1.  We have retained, in that table and others, the names of the expenditure categories
used by Blundell et al. (food, alcohol, fuel, clothing, transport, and services).  However, we do
that merely as a reminder that the parameter values we have chosen are "realistic."  We
emphasize that our calibrated model is not a model estimated by Blundell et al.  We have simply
used the Blundell at al. results as a guide in calibrating our theoretical model.
6.  INCOME DISTRIBUTION PARAMETERS
We assign values to g and h based on after-tax family income distributions reported in
O'Higgins, Schmaus, and Stephenson (1989, Table 2).  Values are calculated for seven countries,
reflecting a wide range of income distributions.  Strictly speaking the g and h values should be
based on distributions of expenditure rather than income but international data for expenditure
distributions are not readily available.  Approximating them by income distributions seems quite
adequate for our purposes.  For convenience we refer to "income distributions" in what follows.
The distributions in O'Higgins, Schmaus, and Stephenson are in the form of quintile group
shares.  Let    be the proportionate share of the     quintile group and assume (as an Sr r th
approximation) that all families in the group have the same income.  If the normalization
restriction    is imposed for the distribution as a whole, then it is easily shown that  ¯ x ' 1
 and   .  (We did some experimental calculations to see g ' ΣSr ln(5Sr )h ' ΣSr(ln(5Sr ))2
whether having more groups to work with would have made much difference: we created, by
interpolation, up to 20 quantile groups and redid the calculations.  The results were almost
identical to the original ones.)
The calculated values of g and h are provided in Table 1 for the seven countries.  Lower
values imply less inequality in a distribution, higher values more inequality.  The range is from 7
g = 0.123, h = 0.242, for Sweden, to g = 0.229, h = 0.456, for Germany.  The median country is
Canada, with values g = 0.171 and h = 0.321.
7.  EFFECTS OF INCOME DISTRIBUTION ON MODEL 1 ELASTICITY DIFFERENCES
Having calibrated Model 1 at the micro level we now embed the model in each of the seven
income distributions, calculate the resulting macro elasticities under each distribution (using
equations (10) and (13)), and compare them with the micro elasticities to evaluate the effects of
aggregation.  The macro expenditure and own-price elasticities are reported in Table 2, along
with the corresponding micro elasticities and the differences between the two.  The full set of
price elasticities is reported in Table 3 but to save space the macro elasticities are shown in that
table only for the two most extreme income distributions, those of Sweden and Germany.
It is theoretically possible for aggregation to change the sign of an elasticity but there are no
instances of that in either table.  It is possible too for a category of goods that is expenditure-
elastic or price-elastic (elasticity greater than one, ignoring sign) to become inelastic, but again
that does not happen.  The largest macro/micro differences between expenditure elasticities are
for alcohol, which also has the highest elasticities: for German and Swedish income distributions
(which bound the range) the macro elasticities are 2.006 and 2.120, respectively, compared with
a micro elasticity of 2.290.  Aside from alcohol, the largest macro/micro difference between
expenditure elasticities is .043 (food, with the German income distribution), and in most cases
the differences are much smaller, or even zero.  Among price elasticities the largest difference is
again for alcohol: the macro own-price elasticity with the German income distribution is -1.417,
compared with a micro elasticity of -1.580, a difference of 0.163, or 10.3 percent of the micro
elasticity.  Omitting alcohol, the price elasticity differences in Table 3 range from zero to 0.091. 8
Our overall reading of the evidence in Tables 2 and 3 is that elasticity differences resulting
strictly from aggregation can certainly vary but are generally likely to be rather small, regardless
of the income distribution.
8.  MODEL 2:  DIFFERENT GROUPS WITH DIFFERENT PARAMETER VALUES
Model 1 assumes homogeneity of parameters across the population of consuming units.  We
now define Model 2, in which the population is divided into groups; parameters are the same for
all units within a group but differ from one group to another.  Income distributions also differ
from group to group.  Model 2 allows us to investigate the effects of parameter heterogeneity
interacting with income distribution on the elasticity differences resulting from aggregation.  To
that end we calibrate Model 2, derive the micro and macro elasticities for each group, and then
combine the group elasticities to obtain overall elasticities.
Let the population be divided into groups, indexed by    and denote the a ' 1,...,m,
elasticities for the     group by     at the micro level, and by    at the macro a th εia,η ija,¯ εia,¯ ηija,
level.  Denote further the corresponding elasticities for all groups combined by     and εi,η ij,
 Prices are the same for all groups.  The micro elasticities for group  a  are calculated at ¯ εi,¯ ηij.
the group's mean income, based on a straightforward adaptation of equations (9) and (12). 
Similarly, the macro elasticities for the group are calculated by adapting equations (10) and (13). 
(If the income normalizing restriction is used it should be used separately within each group, and
then discarded; mean income will differ from group to group, and normalization of it across
groups would be inappropriate.  The final elasticity values will be the same, of course, whether or
not the normalization is adopted.)
The macro elasticities for all groups combined are weighted combinations of the group-9
specific macro elasticities.  Assume that a group's mean income (not normalized) varies
proportionately with overall mean income:    is constant for all  a.  It is then straightforward ¯ xa/¯ x
to show that the overall macro elasticities are given by
(15) ¯ εi ' Σ
a ξia¯ εia
(16) ¯ ηij ' Σ
a ξia¯ ηija
where    ,    is group  a's share of total income, and  ξia ' Σ
a WiaSa Σ
arWiarSar Sa ' Xa/X
  is the aggregate expenditure share of good i in group a.  Similarly, the micro Wia ' Xia/Xa
elasticities for all groups combined can be defined as weighted combinations of the group-
specific micro elasticities:  








where      is equal to     with the group-specific macro expenditure shares,  , replaced by ξ
r
ia ξia Wia
the corresponding micro expenditure shares,   . wia
The micro elasticities for all groups combined are interpreted as those of a composite 
"representative consumer," just as the micro elasticities for the groups are interpreted as relating
to group-specific "representative consumers."  It is easily shown that the micro elasticities
defined by equations (17) and (18) are consistent with the macro elasticities defined by equations
(15) and (16) by noting that they are the same when all of the group-specific income distributions
are uniform     As with model 1, any differences are thus a consequence of (ga ' ha ' 0).
aggregation in the presence of nonuniform distributions. 10
The groups in model 2 could be defined as any divisions of the population that are of
interest: income categories, regions, demographic groups, etc.  If one were specifying an
econometric model by adapting the QUAIDS model of equations (1) - (3) one might allow all
parameters to vary, say, or only the intercepts, or only the intercepts and the    and    βλ
parameters.  Parameter variation could be provided for by appropriate incorporation of dummy
variables.  However, our concern here is with theoretical differences in elasticities, not with
practical issues of econometric specification.
9.  CALIBRATION OF MODEL 2
Model 2, like Model 1, is calibrated using parameter estimates from Blundell, Pashardes,
and Weber (1993) as a starting point.  We specify two groups ( ), each with the same share m'2
of total income   , choose parameter values for the two that differ widely, and assign to (Sa'0.5)
each group one of the two extreme income distributions, those of Sweden and Germany.  A high
degree of heterogeneity across the groups is thus provided for.
A convenient way of introducing widely differing parameter values into the model is to use
the estimated expenditure and own-price elasticities for the lowest and highest income quantile
groups shown in Table 3 of Blundell et al.  (We do not require cross-price elasticities for
subsequent calculations.)  Accordingly, we assign to group 1 the elasticities for the bottom 5
percent of households and to group 2 the elasticities for the top 10 percent.  (Only
uncompensated price elasticities were available for income quantile groups; we adjusted them to
make them resemble compensated elasticities, based on the relationships between compensated
and uncompensated elasticities for all income levels combined, shown elsewhere in the table.) 
Values for     (equal to the expenditure shares   ) are then set arbitrarily, but in such a way αia wia11
as to allow substantial differences between the two groups, and so that the implied expenditure
shares will reflect roughly the income differences between the two.  (Group 1 is given a much
higher value for food but a much lower value for services, for example.)  With     and     set for αε
the two groups the corresponding values for     can be calculated, as before.  The     parameters βλ
for group 1 are set equal to half the model 1 values; for group 2 they are set equal to twice the
model 1 values, thus imposing much more curvature on the implied Engel curves in group 2 than
in group 1.  
The calibration values for model 2 at the micro level are displayed in Appendix Table A2. 
As can be seen, they differ markedly between the two groups, reflecting our attempt to impose a
high degree of parameter heterogeneity on the model but still choose values that are "realistic."
10.  EFFECTS OF INCOME DISTRIBUTION ON MODEL 2 ELASTICITY DIFFERENCES
Calculated values of macro elasticities for the calibrated version of model 2 are shown in
Table 4, and compared with the micro elasticities.  The calculations are based on all four possible
combinations of the Swedish (SW) and German (GE) income distributions, as represented by
their  g  and  h  parameters:  SW in both groups 1 and 2; GE in both groups; SW in group 1, GE
in group 2; and GE in group 1, SW in group 2.
The results reported in Table 4 are broadly similar to those of Tables 2 and 3.  The largest of
the macro/micro elasticity differences is 0.151 (ignoring sign), the expenditure elasticity for
alcohol when both groups have the GE distribution.  (Measured against the micro elasticity of
1.923 that represents a proportionate difference of 7.9 percent.)  Most of the other differences are
much smaller.  The assignment of income distributions affects the macro elasticities, as one
would expect, but the range of variation is generally narrow.  Based on the evidence of our12
calculations it appears that parameter heterogeneity does not alter much the aggregation effects of
income distribution.  One could specify more than two groups but it seems unlikely that that
would change the general conclusion, given that we have allowed our two groups to have widely
differing parameter values.
11.  ELASTICITY DIFFERENCES AND STANDARD ERRORS
It is of interest to consider how the macro/micro differences relate to the kinds of probability
statements that one might make in interpreting econometric estimates of elasticities.  While our
theoretical models themselves obviously provide no way of generating standard errors we have
based the calibration of the models on econometric estimates taken from the Blundell et al. study,
and we can therefore use the standard errors from that study for guidance.  We have taken two
sets of standard errors for estimated expenditure and price elasticities:  those reported by
Blundell et al. for the general method of moments estimates in their Table 3, parts A and B,
which we refer to as data set I, and those reported in Table 4, parts A and B, which we refer to as
data set II.  Mean standard errors calculated for the two data sets are shown in our Table 5 for all
elasticities combined, for expenditure elasticities alone, for all price elasticities, and for own-
price and cross-price elasticities.  Mean macro/micro elasticity differences from the calculations
based on our calibrated versions of models 1 and 2 with Swedish and German income
distributions are shown also in the table, and expressed as ratios to the mean standard errors.
The mean standard errors are labeled     and the mean elasticity differences   .  An ¯ s ¯ d
examination of the     ratios in Table 5 shows them to be generally small, whichever of the ¯ d ¯ s
five elasticity categories one looks at.  The maximum ratio in the table is about 0.35, the
minimum 0.07.  These results must be interpreted as only rough indicators but they do suggest13
that, on average, macro/micro differences are likely to be much smaller than any confidence
interval that might be placed around an estimated elasticity.
12.  CONCLUSION
We find the results presented in this paper somewhat reassuring for anyone who must work
with aggregate data (in particular with time series, where the use of micro data for model
estimation is most often not an option).  A nonuniform distribution of income certainly induces
aggregation effects on expenditure and price elasticities but the evidence suggests that such
effects may not be as large as one might have thought, even for income distributions that depart
as much from uniformity as those of Germany and the U.S.  It seems likely that aggregation
effects on the econometric estimates of elasticities will typically be dominated by other effects, 
including sampling variation, choice of estimation method, measurement error, and model
misspecification.
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1. For a simplified analysis of aggregation effects using the basic linear AIDS model see
Denton and Mountain, 2001.
2. We are not concerned in the present theoretical argument with changes over time in the
distribution parameters g and h but we note in passing that they are insensitive to “mean
scaling” and may therefore have some degree of stability (see Lewbel 1990, 1991, 1992).
3. The normalizing restrictions on income (as we shall now refer to total expenditure) and
prices are strictly for convenience in the theoretical derivation of elasticities, the
calculated values of which would be the same whether or not the restrictions were
imposed.  We are not suggesting the use of such restrictions for the specification of a
model for econometric estimation.  Note too that the choice of units is time dependent;
except in the unlikely event that prices and mean income were perfectly stable different
choices would have to be made at different points in time.  However, that does not affect
the present theoretical derivations.
4. We note in that regard that published estimates of elasticities show a wide range of
variation.  See Denton, Mountain, and Spencer (1999) for a survey of estimates from a
number of studies and discussion of the large differences among them.
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United Kingdom 0.172 0.321
United States 0.204 0.367
Germany 0.229 0.456
Note: Calculations are by the authors, based on after-tax
family income quintile shares provided in Table 2 of
O’Higgins, Schmaus, and Stephenson (1989).TABLE 2: MACRO/MICRO DIFFERENCES IN EXPENDITURE AND OWN-PRICE ELASTICITIES: MODEL 1, WITH SEVEN ALTERNATIVE
INCOME DISTRIBUTIONS
Expenditure elasticity Own-price elasticity
Food Alcohol Fuel Clothing Transport Service
s
Food Alcohol Fuel Clothing Transport Services
Micro 0.61 2.29 0.84 0.92 1.2 1.45 -0.4 -1.58 -0.45 -0.53 -0.48 -0.55
Macro
   Sweden
   Norway
   Israel
   Canada
   United Kingdom
   United States
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.000TABLE 3: MACRO/MICRO DIFFERENCES IN PRICE ELASTICITIES: MODEL 1, WITH SWEDISH (SW) AND GERMAN (GE) INCOME DISTRIBUTIONS
Food Alcohol Fuel Clothing Transport Services










































































































































































































































.000TABLE 4: MACRO/MICRO DIFFERENCES IN EXPENDITURE AND OWN-PRICE ELASTICITIES:  MODEL 2, WITH FOUR ALTERNATIVE PAIRS OF INCOME
DISTRIBUTIONS BASED ON SWEDISH (SW) AND GERMAN (GE) DISTRIBUTIONS
Expenditure elasticity Own-price elasticity
Food Alcohol Fuel Clothing Transport Services Food Alcohol Fuel Clothing Transport Services
Micro 0.56 1.923 0.922 1.122 1.22 1.268 -0.393 -1.435 -0.522 -0.453 -0.61 -0.516
Macro
 SW in both groups
 GE in both groups
 SW in group 1, GE in group 2


















































SW in both groups
GE in both groups
SW in group 1, GE in group 2
















































-.014TABLE 5: COMPARISONS OF MEAN DIFFERENCES BETWEEN MACRO AND MICRO ELASTICITIES, BASED ON

























Comparisons for model 1 based on SW distribution
Mean macro/micro difference  (¯ d)
Ratio    with    from data set I ¯ d/¯ s¯ s
















Comparisons for model 1 based on GE distribution
Mean macro/micro difference  (¯ d)
Ratio    with    from data set I ¯ d/¯ s¯ s
















Comparisons for model 2 based on SW/SW distribution
Mean macro/micro difference  (¯ d)
Ratio    with    from data set I ¯ d/¯ s¯ s
















Comparisons for model 2 based on GE/GEdistribution
Mean macro/micro difference  (¯ d)
Ratio    with    from data set I ¯ d/¯ s¯ s
















Comparisons for model 2 based on SW/GE distribution
Mean macro/micro difference  (¯ d)
Ratio    with    from data set I ¯ d/¯ s¯ s
















Comparisons for model 2 based on GE/SW distribution
Mean macro/micro difference  (¯ d)
Ratio    with    from data set I ¯ d/¯ s¯ s
















Note: Standard error data sets I and II are from Table 3 (parts A and B) and Table 4 (parts A and B), respectively, of Blundell, Pashardes,
and Weber (1993).  Mean macro/micro differences are means of absolute values.  For model 2, SW/SW means Swedish income
distribution in both groups, SW/GE means Swedish distribution in group 1, German distribution in group 2, and so on.22
APPENDIX:  PARAMETER VALUES USED IN CALIBRATION
TABLE A1: CALIBRATION OF MICRO MODEL 1























Expenditure elasticity ( ) 0.61 2.29 0.84 0.92 1.2 1.45 εi











































TABLE A2: CALIBRATION OF MICRO MODEL 2
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